REFLEXIVITY IN DERIVED CATEGORIES 
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Abstract. An adjoint pair of contravariant functors between abelian cate- 
gories can be extended to the adjoint pair of their derived functors in the 
associated derived categories. We describe the reflexive complexes and inter- 
pret the achieved results in terms of objects of the initial abelian categories. 
In particular we prove that, for functors of any finite cohomological dimension, 
the objects of the initial abelian categories which are reflexive as stalk com- 
plexes form the largest class where a Cotilting Theorem in the sense of Colby 
and Fuller [CbFll Ch. 5] works. 



Introduction 

Adjoint pairs of functors in derived categories are deeply studied by several 
authors (see for instance |CPS[ |Hap[ IHari IR]!. A large class of these pairs is 
obtained extending ([Kj Lemma 13.6]) adjoint functors between abelian categories 
to their derived functors. In this paper we focus on the adjunctions and on the 
corresponding dualities obtained by extending contravariant adjoint functors. Wide 
classes of examples arise in module and sheaf categories. 

Both the adjunctions, the one in the abelian categories and the one in the asso- 
ciated derived categories, determine a different notion of reflexivity: to distinguish 
them, we will call 'D-reflexive the complexes which arc reflexive with respect to the 
adjunction in the derived categories. An object of the starting abelian categories 
is called D-reflexive if it is I?-refiexive as stalk complex, simply reflexive if it is 
reflexive with respect to the adjunction in the abelian categories. 

Our main aim is to describe the P-reflexive complexes and to study the T)- 
reflexive objects of the initial abelian categories. Reading on the underlying abelian 
categories all the effects of the duality in the corresponding derived categories, we 
prove that for an adjoint pair of functors of cohomological dimension 1, the T)- 
refiexive objects are exactly those for which a Cotilting Theorem in the sense of 
Colby and Fuller ( [CbFl|. Ch. 5]) holds (Theorem 14. 3p . Our approach allows on 
one side to read this celebrated result in its traditional framework as a natural 
consequence of the duality between derived categories induced by contravariant 
Hom-functors associated to a cotilting bimodule. On the other side it permits to 
generalize the Cotilting Theorem to arbitrary abelian categories and adjoint pairs 
of contravariant functors of any finite cohomological dimension. Thus, on the one 
hand we get a general and unitary version of all the several cases considered in the 
literature of dualities induced by cotilting bimodulcs of injective dimension 1 (see 
[CHICbTllCEn [CbFll [CpllCpFlIM On the other hand, under cohomological 
conditions automatically satisfied in the traditional settings, we succeed in finding 
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positive results which generahze to arbitrary abehan categories and adjoint functors 
of cohomological dimension n the results obtained by Miyashita [M] for a cotilting 
bimodule of injective dimension n in the noetherian case. 

In the first section we recall some preliminaries on derived functors and their 
properties; particular attention is dedicated to the notion of way-out functor. 

In the second section we describe the adjoint pairs we are interested in, and we 
compare the related notions of reflexivity in the abelian and in the associated de- 
rived categories. In particular we give examples of 2?-reflexive objects in the starting 
abelian categories which are not reflexive and, conversely, of reflexive objects which 
are not I?-reflexive. 

In the third section we investigate the relation between the P-reflexivity of a 
complex and of its terms or its coliomologies. We show that if the cohomologies or 
the terms are 2?-reflexive, then so is the complex itself. The converse in general is 
not true (see Examples 13.21 13. 3p . Assuming that the functors have cohomological 
dimension at most one, we prove that a complex is P-reflexive if and only if its 
cohomologies arc X'-reflexive (see Corollary I3.6p . 

In the fourth and fifth sections we study in details the 2?-refiexive objects in 
the abelian categories we start from. The fourth is dedicated to the favorable 
case of functors of cohomological dimension < 1. We prove that a Cotilting Theo- 
rem |CbFlj for the classes of 2?-refiexive objects (Theorem 14. 3p holds. Finally the 
fifth section is devoted to the case of functors with arbitrary finite cohomological 
dimension, assuming the abelian categories have enough projectives. The latter 
hypothesis permits us to use the standard tool of spectral sequences. For a spectral 
sequence analysis in the covariant case see |BBlj . This approach allows us to reveal 
the cohomological conditions (Condition I, II page l^^ necessary to generalize the 
results obtained in cohomological dimension < 1 (Theorems 15.21 [5^ . In particular 
we completely recover the results obtained for module categories by Miyashita [M] 
in the noetherian case and in |AT| for arbitrary associative rings. 

Several examples occur along the whole paper describing pathologies and positive 
results. 

For the unexplained notations in module theory we refer to |AFj . for those in 
sheaf theory to |Har2j . We follow [Harl IW] for definitions and results regarding 
derived categories, derived functors and spectral sequences. 



1. Preliminaries 

Given an abehan category we denote by 1C{A) (resp. /C+(^), /C~(yl), ^^{A)) 
the homotopy category of unbounded (resp. bounded below, bounded above, 
bounded) complexes of objects of A and by 'D(A) (resp. V+{A), V-{A), V^i^A)) 
the associated derived category. In the sequel with 2?* {A) or V'^ {A) we will denote 
any of these derived categories. Moreover, with X'J-^(^), n G Z, we mean all the 
complexes in 'D*{A) whose cohomologies are zero in any degree greater than n. 
Similarly, we define V'^^{A). 

All the considered functors between derived categories are assumed to be 5- 
functors, i.e. they commute with the shift functor and send triangles to triangles. 
Given an object M G we continue to denote by M also the stalk complex in 
V^A) associated to Af, i.e. the complex with M concentrated in degree zero. 
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Let X : ■ ■ ■ ^ X„i ^-^ Xq ^ — > . . . be a complex in 'D{A). For any integer 
n e Z we define the following truncations: 

Ty„X : • • • ^ ^ Xn+l Xn+2 ■ ■ ■ T<„X Xn-1 ^ Xn ^ ^ . . . 

cr>„X : • • • ^ ^ X,J kcr.g„ X^+i . . . <J<„X : > X^-i kcrg„ ^ ^ . . . 

In particular, for any 71 G Z there are the following triangles: 

T>„X X r<„X ^ T>„X[1] cr<„X ^ X"^ a^„X ^ cr<„X[l]. 

In this section we study the behavior of the composition of contravariant way-out 
functors and the relations among the way-out conditions, the finite cohomological 
dimension and the closure properties of the acyclic objects associated to a con- 
travariant functor. Let us first recall the definition of way-out functors, as in [Harl 
Chp. I §7] and [D Chp. I §11]. 

Definition 1.1. Let A and B be abelian categories and let F : T>*{A) 'D{B) be 
a covariant (resp. contravariant) functor. 

(1) The functor F is way-out left if there exists n £ Z, such that 

F{V*^oi^)) C P<„(S) (resp. F{V*^oiA)) ^ 2^<n(S)); 
in such a case we define the upper dimension of F setting 
dim+ F = M{n : F{V%„iA)) C P<„(i3)} (resp. = inf{n : F{Vy{A)) C P<„(i3)}). 

(2) The functor F is way-out right if there exists n G Z such that 

F{V%iA)) ^ T^yniB) (resp. F{V*^„{A)) C V>„{B)); 
in such a case we define the lower dimension of F setting 
dim- F = sup{n : FiVy{A)) C P>„(B)} (resp. = sup{n : FiV%„{A)) C P>„(B)}). 

Remark 1.2. Let F : P*(./l) 'D{B) be a covariant (resp. contravariant) functor. 
If F is way-out left and dim^ F = m, then for any fc G Z 

F{V*^M)) C %fc+™(B) (resp. ^^(P|fc(^)) C P<,„_fe(i3)) 

Analogously, if is way-out right and dim^ F = m, then for any fc G Z 

F{Vy{A)) C V>k+m{B) (resp. F(P^;,(^)) C P>™_fc(B)). 

Clearly, if is both way-out left and right, then it is bounded, i.e. it sends bounded 
complexes in V*{A) to bounded complexes in 'D{B). 

The following easy proposition will be useful in the sequel. 

Proposition 1.3. Let d : V*{A) V^{B) and G2 : V^{B) V{C) be two 
contravariant functors and F = G2G1 their composition. 

(1) // Gi is way-out left with dim^ Gi — mi and G2 is way-out right with 
dim^ G2 = m2, then F is way-out right with dim^ F = 7TI2 — rni; 

(2) if Gi is way-out right with dim" Gi = mi and G2 is way-out left with 
dim''' G2 — m2, then F is way-out left with dim'*' F — TO2 — mi. 

From now on we denote by <& : ^ — > B and : B A two additive non zero con- 
travariant functors between the abelian categories A and B. Following |Har[ Theo- 
rem 5.1], to guarantee the existence of the derived functors R* $ : 'D*{A) — * 2?(S) 
and R^^ : V^iB) -> V{A), we assume the existence of triangulated subcategories 
V of K*{A) and Q of K\B) such that: 
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• every object of K* {A) and every object oiK'^ (B) admits a quasi-isomorphism 
from objects of V and Q, respectively; 

• if P and Q are exact complexes in V and Q, then also and ^'(Q) are 
exact. 

Given complexes X G V*{A) and Y G V'<{B), we have R* $X = $P and 
Rt = vj/Q^ where P is a complex in V quasi-isomorphic to X, and Q is a 
complex in Q quasi-isomorphic to Y . 

If ^{K*{A)) C K^B) and $(7') C Q, then there exists also R*(1'$) and it is 
isomorphic to ^'R* <!> |Harl Proposition 5.4]. 

Definition 1.4. (1) An object A in ^ is called ^-acyclic if i7'(R* ^A) = 
for any i ^ 0. 

(2) The category A has enough ^-acyclic objects if any object in A is image of 
a acyclic object. 

(3) The functor $ has cohomological dimension < n if, for each A in we 
have H''(R* $A) = for |i| > n 

Remark 1.5. If A has enough <I>-acyclic objects, then the right derived functor 
R^ $ : (A) ViB) is defined and it may be computed using $-acyclic reso- 
lutions: given a complex X G I?<„(^), we have that R~ $X = <I>L, where L is a 
complex in I?<„(^) with (f>-acyclic terms quasi-isomorphic to X. In particular, if 
the category A has enough projectives, R^ $ : I?^ {A) 'D{B) is defined, and for 
each object A in A, H'^^RT ^A) coincides with the usual right ri*'*-derivcd functor 
of <f> evaluated in A. 

If $ has finite cohomological dimension n and A has enough $-acyclics, then 
any complex X G ^^{A) is quasi-isomorphic to a complex L with ^-acyclic terms; 
thus the total derived functor R$ exists and R$X = (see jHar[ Corollary 5.3, 
7.]). 

Notice that if R* <!> ; 'V*{A) is way-out in both directions, then it has 

finite cohomological dimension. Under the hypothesis that A has enough $-acyclic 
objects, also the converse holds: 

Proposition 1.6. Let A and B be abelian categories, and <^ : A ^ B a contravari- 
ant functor. Assume A has enough ^-acyclic objects; then 

(1) R~ $ is way-out right of lower dimension 0; 

(2) i/$ has finite cohomological dimension n, then R$ is way-out left of upper 
dimension n. 

Proof. 1. It is clear, since R~ $ may be computed on <I>-acyclic resolutions. 

2. Let X := Q Xq Xi ^ ... be an object in V>q{A). Since $ has finite 
cohomological dimension, there exists a complex of $-acyclic objects L := ... — > 
i_i Lq Li ... quasi isomorphic to X. Denote by C the cokernel of 
L_i io; then C is quasi isomorphic to T<oi. Since iJ'(R$C) = for i > n, 
then for each i > n we have 

= iJ'(R$(T<oi)) = iJ'($(r<oL)) = ^ H'{Ii<i>X). 

□ 

Proposition 1.7. Assume R* $ is way-out right of lower dimension > and way- 
out left of upper dimension < n. //O Xq —> Xi • • • ^ X„ is an exact complex 
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where the Xi, i > 0, are ^-acyclic objects of A, then also Xq is ^-acyclic. In 
particular, if n ~ I the class of ^-acyclic objects is closed under submodules. 

Proof. Let X := Q ^ Xq Xi ^ ■ ■ ■ ^ X„ ^ 0; we have to prove that 
H*(R* $(Xo)) = for each i ^ 0. Since the stalk complex Xq belongs to V\^{A)., 
and R* <i> has lower dimension > 0, R* ^(Xq) belongs to I?>o(S). Therefore it is 
sufScient to prove that i/*(R* ^(Xq)) ~ for each z > 0. Consider the triangle 

and observe that t^^X is the stalk complex Xq\ then for each i > we have the 
exact sequence 

H*-i(R* $(t>„X)) ^ ff'(R* $(Xo)) ^ i/''(R* ^(X)). 

Now, since the terms in t^oX are $-acyclics, R* ^{t^oX) has non-zero terms only 
in negative degrees, and therefore it has the (i — 1)*'' cohomology equal to zero. 
Since X belongs to 2?>„(^), and dim+(R* $) < n, we get that R* belongs 
to 2?^q(;B). So also the i*'' cohomology of R* ^{X) vanishes, and we conclude. □ 

Definition 1.8. Assume that ^{K*{A)) C K'^{B). We say that an object L A 
is "^-^-acyclic if L is $-acyclic and is ^'-acyclic. We say that the abelian 

category A has enough -'^-acyclic objects if any A ASs, image of a ^f-^-acyclic 
object. 

Proposition 1.9. Assume that ^(K*{A)) C A't(S). 

(1) If A has enough -^-acyclic objects, then R^ 5* R* $ is way-out left of 
upper dimension < 0. 

(2) // $ has cohomological dimension n, and A and B have enough ^-acyclics 
and -acyclics, respectively, then R^ ^ R* is way-out right of lower di- 
mension > —77. 

Proof. 1. It follows since any complex in T)^q{A) is quasi- isomorphic to a complex 
in 2?<q(^) with 4'-(f>-acyclic terms. 

2. It follows by Propositions II. 3) 11.61 □ 

2. Adjunction and Reflexive objects 

From now on, we are interested in the situation when VP) is a right adjoint 
pair; in particular $ and ^E" are left exact. The following result has a key role in 
our analysis. 

Lemma 2.1 ([Kl Lemma 13.6]). Let Vf) be a right adjoint pair. Assume that 
R* and Rt ^{Y) belong to V^B) and V*{A), for any X in V*{A) and Y in 

V^^B), respectively. Then (R* <t>,R^ ^) is a right adjoint pair. 

Thus, under suitable assumptions on the existence of the derived functors, any 
adjunction in abelian categories can be extended to the associated derived cate- 
gories. In this section we compare these two adjunctions. In particular we describe 
the relationship between the units of the two adjunction, and we show the inde- 
pendence of the related notions of reflexivity. 

Example 2.2. 1. Let {X,Ox) be a locally noetherian scheme such that every 
coherent sheaf on X is a quotient of a locally free sheaf. Consider the abelian 
category ajloOAT of sheaves of Ox-niodules, and the thick subcategory £of)X of 
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coherent sheaves. Let G he a, coherent sheaf of finite injective dimension; consider 
the functor Hom{-, g) : SUl oOX TloViX. The pair [rLom{-,g),Hom{-,g)) is a 
right adjunction. By [Har21 Chp. Ill] there exists the derived functor 

Il^nom{-,g) : V\(io\)X) V^{^o\)X). 

Therefore, by Lemma EH (R'' Hom(-, 0), R*" Hoto(-, a)) is a right adjoint pair. 
Moreover, by [Har|, Cor. L5.3], there exists also the total derived functor 

RHom(-, g) : V{€o\)X) V{€o\)X). 

and so {'R'Hom{—,g),'RTi.om{—,g)) is a right adjoint pair. 

2. Let i? be a ring, rU a. left i?- module and S the endomorphism ring of 
PiU. The pair (Homfl(— , J7), Hom5( — , [/)) is a right adjunction. By [Sj Theo- 
rem C], the derived functors RHom/j(— ,J7) and RHoms(— ,[/) always exist and 
so (RHom;j(— , ?7), R Horns (—, U)) is a right adjoint pair. If both fsU and Us have 
finite injective dimension, then RIIomj^(— , J7) and RHom5(— ,J7) are bounded, 
since they are way-out in both directions. It follows that also (R^ Homi^(— , J7), R** Hom5(— , U)) 
is a right adjoint pair. 

In the sequel, we assume that Vf) is an adjoint pair inducing the adjoint pair 
(R*$,R^^). Denoted by rj and £, the units of the right adjoint pair ($,^1'), we 
indicate with i) and ^ the units of the right adjoint pair (R*$,R^\['), i.e. the 
natural maps 

f) ■■ idD'(A) R^^-R**, 1 : idD^B) R* $ R'^ * 

such that R* <^{fjx) ° |r* *x = 1r* *x and R'^ ° ^Rt = iRt *y for each 

X in D*{A) and each Y in D'^{B). 

Suppose that A has enough 'I'-<I>-acyclic objects. Let X E (A) and L be a 
complex in 1C~{A) of ^P-^-acyclics quasi-isomorphic to X. Then R^ 5'R* ^X = 
fix is isomorphic to fjL in T>^{A), and the latter coincides with the term to 
term extension of the unity rj to IC^ (A) . 

Proposition 2.3. Assume that A has enough "i! -^-acyclic objects. Let A be an 
object of A and l be the canonical map of complexes (T<o R* '^A —> R* ^A. If ^{A) 
admits a '^-acyclic resolution, we have 

Proof. Consider a \E'-<E>-acyclic resolution L : ... ^ L_i Lq ^ Q oi A with 
augmentation f : ^ A] 'we have the commutative diagram: 

La >A 



Rt l-R* *(/) 



Rt *(t) 



R^ * R* <PLo = 1"I>(Lo) R* $A R^ *(cr<o R* ^A) = R'' ^{<PA) 
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Applying the cohomology functor iJ*^, the sohd part of the following diagram com- 
mutes: 



nLo=VLo 

//°(Rt *R* $(/)) 



^ - r,^ 

H''{flA) 



4. H"(Rt <If(t)) ^ 
V i70(Rt R* ^ 



*<&(/) 



Let us see that i70(Rt o ijO(Rt 5- R* $(/)) = then, for the naturality 

of T] we will have 



riAof = ^Hf)oi^Lo = (H^iK^ vI;(,))oi/"(RT vf- R* $(/))o7)i„ = (i/"(RT vI,(,))off"(^^))o/ 



since / is an epimorphism, we will conclude. 

Let Q be a ^'-acyclic resolution of ^{A). Consider the diagram 



^$(io) 



^Lo) >HL^i) > 

<!>(/) 

>o- 




R* $Lq 

R.* *(/) 
R* $A 



qiso 



Q 



Applying we get the commutative diagram 



^^(Lo) < 



*$(/) 



*(g-i)^ 



*(Qo)< 



Rt R* $(Lo) 

Rt ^R- 

Rt * R* 



Rtl'($(A)) 
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Therefore, having observed that ^'$(/) o 'I'<i>(d-i) = 0, the mduced maps on the 
0*'*-cohoniologies are obtained as follows: 

I 

H°{Rt *R' *(/)) I 
4- 

Coker(1'$(d_i) = i/0(Rt -qj R* $A) « *$(io) 

I 

ffO(Rt*(t))l **(/) 

ffO(Rt ^-^lA) 

i.e. = ffO(Rt o ijO(Rt R* $(/)). □ 

Both the adjoint pairs ($, and (R* $, R^ define on the corresponding 
categories the classes of reflexive objects, i.e. the classes where the unity maps 
induce isomorphisms. To distinguish, we call simply reflexive the objects A in 
^ or B in B such that the natural maps rjA or are isomorphisms; instead we 
say V-reflexive the complexes which are reflexive with respect to the adjoint pair 
(R* $, R^ ^f). Observe that any object A in ^ is also, in a natural way, an object 
in V*{A). Both the maps rjA and fjA can be considered; therefore A can be reflexive 
or P-reflexive. The two notions are independent: 

Example 2.4. In this and all future examples k denotes an algebraically closed 
field. For any finite-dimensional fc-algebra given by a quiver with relations, if i is 
a vertex, we denote by P{i) the indecomposable projective associated to i, by E{i) 
the indecomposable injective associated to i, and by S{i) the simple top of P{i) or, 
equivalently, the simple socle of E{i). 

Let A denote the fc-algebra given by the quiver -1 A -2 -'^ -3 -4 with relations 
ba = = cb. 

(1) Let aW = S{1) © 5(3); then S = EndAW is fc © fc. Since aW and Ws have 
finite injective dimension, we have the two right adjoint pairs 

(HomA(-,l^),Hom5(-,Ty)) and (R'' HomA(-, M^), R'' Homs(-, M^)). 

An easy computation permits to verify that 5(1) is reflexive. Regarding 5(1) as a 
stalk complex, it is quasi isomorphic to its projective resolution P :~ ^ ^(3) 
P{2) P{1) 0. Since P has Homs(-, W^)-HomA(-, VF)-acyclic terms, 

R'' Homs(R'' HomA(5(l), W),W) = Homs(HomA(F, W),W) 

is the complex 5(3) — > ^ 5(1) —> 0, which is not quasi-isomorphic to P. 
Then 5(1) is not P-reflexive. 

(2) Let aAa be the regular bimodule. Since the left and the right regular modules 
have finite injective dimension, we have the two right adjoint pairs 

(HomA(-,A),HomA(-, A)) and (R^ HomA(-, A), R'' HomA(-, A)). 

It is straightforward to verify that the simple module 5(2) e A-mod is not reflex- 
ive. Since all indecomposable projective modules are reflexive and HomA(— ,A)- 
HomA(— , A)-acyclic, the simple module 5(2) is 2?-reflexive. 

Proposition 2.5. If A £ A is reflexive and acyclic, then A is V-reflexive. 
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Proof. We have to prove that fiA is a quasi-isomorphism, i.e. H^['r)A) are isomor- 
phisms for each i. Since A is 4'-$-acychc, then ^YC is the stalk complex 
^^A. Clearly H^ifjA) = for each i ^ are isomorphisms; since A is reflexive, 
also H'^{fiA) = TJA is an isomorphism. □ 

The category of P-reflexive complexes is a triangulated subcategory of 'D*{A). 
In particular the subcategory of stalk I>-reflexive complexes is thick, i.e, if two 
terms of a short exact sequence in A are 2?-reflexive, then also the third is. This 
follows easily since any short exact sequence in A gives rise to a triangle in V* (A) . 

Note that, from the adjunction formulas, it follows that if a complex X is V- 
reflexive, then also R* $X is P-reflexive. 

Definition 2.6. [AC| Sect. 2] Let i? be a ring. A left module jiU is partial cotilting 
if it satisfies the following conditions: 

(1) injdim/j?/ < oo; 

(2) ExtJj(C/", U) = 0, for each i > and any cardinal a. 

The module rU is cotilting if moreover the following condition is satisfied 

(3) there exists n G N and an exact sequence ^ Un ^ ■ ■ ■ ^ Ui Uq 

Q ^ where Q is an injcctive cogenerator of i?-Mod and Ui are direct 
summands of products of copies of U. 
A bimodule rUs is (partial) cotilting if both rU and Us are (partial) cotilting. 

Partial cotilting modules give rise to an interesting class of examples of ad- 
joint pairs of contravariant functors. If rUs is a partial cotilting bimodule, the 
functors in the adjoint pair (Honi/j(— , J7), Hom5(— , C/)) have finite cohomological 
dimension; thus the derived functors R'' Hom/j(— , C/) and R** Hom5( — , C/) form a 
right adjoint pair in X'''(i?-Mod) and 2?^(Mod-S'). If P is a projective module in 
i?-Mod, llomfi{P,U) is a direct summand of Ug for a suitable cardinal a, and 
so, by condition (2) in Definition 12.61 Homi^(P, [/) is Hom5(— , ?7)-acyclic. Thus 
i?-Mod, and similarly Mod-S', have enough IIom5(— , C/)-Homi^( — , C/)-acyclic ob- 
jects. Conversely, it is interesting to observe that, given a bimodule rUs, to assume 
both the finite cohomological dimension of Homfl'(— , U) and Homs(— , U)), and the 
Hom5(— , [/)-IIomfl (— , f7)-acyclicity of the projectives, implies that rUs is a partial 
cotilting bimodule. 

3. Reflexive complexes 

Let us now investigate the relation between the 2?-reflexivity of a complex in 
'D*{A) and the 2?-reflexivity of its terms or its cohomologies. This analysis will 
have an essential role in order to obtain our main results in the fourth and fifth 
sections. We always assume that ($, 4') is an adjoint pair inducing the adjoint pair 
(R*$,R^*). 

Theorem 3.1. Let X be an object in T>*{A). 

(1) If X G 'D^{A) and any term of X is 'D-reflexive, then X is "D-reflexive; 

(2) if X e V''{A) and W{X) is V -reflexive for each i € Z, then X is V- 
reflexive. 

Assume R^ $ is way-out left (resp. right). 

(3) If X G T>~ {A) (resp. T>^{A)) and any term of X is T> -reflexive, then X is 
"D-reflexive; 
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(4) ifXe V-{A) (resp. V+{A)) and H'{X) is V -reflexive for any i, then X 
is V-reflexive. 

Assume R'f * R* $ is way-out on both directions. 

(5) // any term of X is V-reflexive, then X is V-reflexive; 

(6) if H^{X) is V-reflexive for any i, then X is V-reflexive. 

Proof. 1. We can assume X := {) ^ X^n X^n+i ■■■ Xq 0. The thesis 
follows easily, by induction on the length n of X, considering the triangles 

T>_i(X) -^X^ T<_i(X) ^ T,_,iX)[l]. 

2, 4, 6. The results follows applying |Har[ Chp. I, Prop. 7.1] to the morphism 
fj : lv*(A) ^ ^ R-* ^ s-nd considering the thick subcategory of 2?- reflexive objects 
of A. 

3. For short we denote by T the composition ^E* R* $. We prove the result 
for r way-out left; the right case is analogous. Following the proof of [Har' 1.7.1], 
for each j G Z, it is possible to find a suitable n G Z such that 

W{T>nX) ^ W{X) and W {T T>nX) W{TX). 

Then the conclusion follows since {T t^„X) = (vynX) by part 1. 
5. Let X G T^IA); consider the triangle 

r>oX^X^T<„X^r>oX[l]; 

From 3 we know that r<oX is P-reflexive since Rt * R* $ is way-out left and that 
t^qX is X'-reflexive since Rt R* $ is way-out right. Thus we conclude that X is 
2?- reflexive. □ 

The converse of the previous theorem is not in general true: in the following 
examples we show that there exist 27-reflexive complexes with not P-reflexive terms 
or not P-reflexive cohomologies. 

Example 3.2. Let A denote the fc-algebra given by the quiver 



.1 .4 ). ,5 




2 



with relations such that the left projective modules are 2 3 , 1 , 4 , | and 3 . 

3 1 

Consider the module \U = 5 © 4 © 2 3 and let S = End\{U). The alge- 

5 4 

bra S is given by the quiver —> ■'^ with right projectives 7 , g and 

6, and Us — 7©g©g®6®6. Since aUs is a partial cotilting bimod- 
ule, (R^HomA(-,;7),R''Homs(-,?7)) is a right adjunction and the projective A- 
modules are Hom5( — , C/)-HomA(— , J7)-acyclic objects. Consider the complex with 
projective terms 

P : > i > 4 > ^ > 4 > 2 ^ 3 > 

5 5 4 
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and the obvious non-zero differentials. It is easy to check that the morphism fip, 
given by the diagram 



0- 



-i. 5 

3 



Vp{s.) 



0- 



3 

-4 4 

5 



3 

-4- 4 

5 



1 

2 3 
4 



■0 



Vp{i) 



->■ 5 



3 

-J- 4 

5 



->■ 2 3 

4 



-J-0 



is a quasi-isomorphism. Nevertheless the terms P{b) and P{4) are not 2?-rcflexive. 
Example 3.3. Let A be the fc-algebra given by the quiver 



•1 



-2 ■ 



-> -a- 



•4- 



-5 



with relations such that the left projective modules are 2 , i 



Let 



us consider the module fJJ = 
the quiver 



I and let S = EndA(C/). Then S is given by 



•6 



•7- 



7 

with relations such that the right projectives are 7 , 8 , 6 , and Us = ^ ® ^ 

6. Since jJJs is a partial cotilting bimodule, (R^ HomA(— , R** Homs(— , 
is a right adjunction and the projective A-modules are Hom5(— , J7)-HomA(— , U)- 
acyclic objects. Let us consider the complex X G 'D^{A) with projective terms 







1/1/1 
2 ^ 2 ^ 2 
ill 







where Im/ = socP(l) and Ker/ = radP(l). This complex is 2?-refiexive: indeed 
R'' Horns (R'' HomA(X, U),U) = Homs(HomA(X, U), U) and 2 = Homs(HomA( \,U),U), 
so the evaluation map fjx is trivially a quasi-isomorphism. Nevertheless the coho- 
mology module Kcr//Im/ = 5(2) is not P-reflcxivc. In fact, let us consider a 
projective resolution of S{2) 







2 

1 3 
4 



2 

1 3 
4 



0. 



An easy computation shows that R^ Hom5(R'' HomA(S'(2), U),U) = IIoms(HomA(P, U), U) 
is the complex 



0^0 







which has non zero cohomologies in degrees and —3. 
isomorphism and the module S{2) is not P-reflexive. 



So ^s(2) is not a quasi- 



Given a finitely generated cotilting module of injectivc dimension < 1 over an 



Artin algebra, in CbCpF is proved, using our terminology (see the forthcom- 
ing Theorem 14. 3p that the class of P-reflexive modules coincides with the class of 
finitely generated ones. This can be generalized to cotilting modules of arbitrary 
finite injectivc dimension; in particular wc obtain, in this setting, a converse of 
Theorem 13.11 



Theorem 3.4. Let A be an Artin algebra, aU a finitely generated cotilting module 
and S = End aC^- Consider the adjoint pair (R^ HomA(— , U), R* Homs(— , U)). 
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(1) ^ complex X e P''(A-Mod) is V -reflexive if and only if the cohomologies 
H''(X), i G Z, are finitely generated. 

(2) The subcategory of bounded D-reflexive complexes is equivalent to X'''(A-mod) 
In particular a complex X G I?''(A-Mod) is D-reflexive if and only if the cohomolo- 
gies H^{X), i £ Ij, are 'D-reflexive. 

Proof. We recall that the assumptions imply that \Us is a faithfully balanced 
cotilting bimodule ([Ml Theorem 1.5]). 

1. Let * = Hom(— , W) be the usual duality between mod- A and A-mod, where 
W is the minimal injective cogenerator. Then a^^* = Va is a finitely generated 
tilting module (see [M]). Recall that a A- module is reflexive with respect to the 
adjoint pair (*,*) if and only if it is finitely generated, and that the adjoint pair 
(-^sV^, RHomA(F, -)) defines an equivalence between I?^(Mod-A) and D''{Mod-S) 
(see [CPSl [Hap] ). Let now X G 2?^ (A- Mod) be a P-reflexive complex and let 
P G /C~(A-Mod) be a complex of projective modules quasi-isomorphic to X. Then 
P is quasi-isomorphic to lioins{H.oin f^{P,U),U). Using the standard adjunction 
formulas, since U = V*, we get that 

Homs(HomA(P, [/),?/) = Homs(HomA(P, V"*), ?/) Homs(HomA(l^, P*), C/) = 
= Hom5(HomA(V, P*),V*) ^ Homs(HomA(y, P*) ®s V, W) = 
= HomA(HomA(F, P*) ®s V, W). 
Moreover HomA(V,P*) = RHomA(T^,P*) and, since HomA(y,/) is (- ®s V)- 
acyclic for any injective A-module / [M] Lemma 1.7], we obtain that 

HomA(V, P*)®sV ^ RHomA(V^,P*) ^^V^P*. 

Hence P is quasi-isomorphic to p** , For * is an exact functor, we conclude that 
H^{P) is isomorphic to H'-(P)** for any i. Thus all the cohomologies of X are 
finitely generated. Conversely, if all the cohomologies of X are finitely generated, 
they are "D-reflexive: indeed all finitely generated projective A-modules are reflexive 
with respect to the adjoint pair (Homfl(— , U), Hom5(— , U)). Then we conclude by 
Proposition 12.51 and Theorem 13. II 

2. It is well known that the subcategory of complexes in 2?^(A-Mod) with finitely 
generated cohomologies is equivalent to P'' (A-mod) (see [Harl Proposition L4.8]). 

□ 

Limiting strongly the way-out dimensions, it is possible to prove that a complex 
is D-reflexive if and only if its cohomologies arc P-rcfiexivc in a more general setting. 

Proposition 3.5. Let X be an object ofD*{A). Suppose the functor R^^fR**!) 
to be way-out left of upper dimension < and way-out right of lower dimension 
> — 1. Then X is D-reflexive if and only if its cohomologies are D-reflexive. 

Proof. For short, let us denote by T the composition R^ \I'R* First let us sup- 
pose X G D"{A) to be a P-reflexive complex. We can assume X G D<q{A) is of 
the form 

X : ...^X^i^Xo^O. 
Let us first prove that H'^{X) is a P-reflexive object. Consider the triangle 

(*) a<_iX^X->a>_iX->a<_iX[l]. 

The complex a^_iX is quasi isomorphic to the stalk complex H^{X), and the com- 
plex (T<_iX has zero cohomologies in degrees greater than —1. Since dim''' T < 0, we 
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ha.veW{TX) = 0, i7'(rcr>_iX) = and H'{T a<_^X[-l]) = W-\T a<_^X) = 
for i > 0. Applying to the triangle (*) first T and then the cohomology functor, we 
get the commutative diagram with exact rows 

H-\a<^iX) H-\X) > > > H°{X) > H°{a^^iX) > 

\- J, J' 

H-^T a<_,X) ^ H-^(r X) H-\r a^_,X) ^ H^'iT X) ^ H°{T a^_,X) ^ 

Thus we deduce that H^'^iT (t>_iX) = 0. Since dim" T > -1, we have H''{T cr>_iX) = 
for i < —2. Hence a^_iX ^ H^{X) is P-reflexive. Then, from the triangle (*) 
we deduce that the complex a^_^X is 2?-reflexive. Repeating the same argument 
for (7<_iX[— 1], we get that iJ"^(cr<_iX) = H~^{X) is P-rcflexive. Continuing in 
such a way, we conclude that H'^X) is a 2?-reflexive object for any i < 0. 
Suppose now X to be a P- reflexive complex in 'D{A). Consider the triangle 

(T<aX-^X~*a^aX <T<oX[l] 

For the way-out dimensions of F, we have W{T cr^oX) = for i < and H^{T (t^qX) = 

for i > 0. So we get the commutative exact diagram 

H-^(X) > )■ HO{a<oX) > H0(X) y > > H^{X) )■ H^{a^aX) > 

iJ-Hr X) — > — > //"{r <T<oX) — > H"(r X) — )■ _ffO(r cr>oX) — > — > -f/i (r jf ) — > /ficr <T>oX) — > 

from which we conclude that u^qX and cr^gX are P-reflexive complexes. Since 
the complex a<oX belongs to for what we have already proved we get that 

H^{X) is P-reflexive for any i < 0. Similarly, considering the truncation in degree 

1 > and the triangle 

cr<.X-^X^CT>,X ^ a<,X[l], 
we conclude that W{X) is P-reflexive for any index i. □ 

Corollary 3.6. Assume $ has cohomological dimension at most one and A has 
enough ^/ -^-acyclic objects. If B has enough -acyclics, then a complex X S P(^) 
is 'D-reflexive if and only if its cohomologies H'(X) are 'D-refiexive. 

Proof. By Proposition 11.91 5* R* $ is way-out left of upper dimension < and 
way-out right of lower dimension > — 1. So we can apply Proposition 13. 51 □ 

Example 3.7. As in Example 12. 2[ let {X, Ox) be a locally noetherian scheme 
such that every coherent sheaf on AT is a quotient of a locally free sheaf of finite 
rank. Assume the structure sheaf Ox has injective dimension one. Consider the 
abelian category OJloOA of sheaves of Ox-modules and the thick subcategory £of)A 
of coherent sheaves. Then (R'Hoto(— , Ox),R'Hom{—, Ox)) is a right adjoint pair 
in 'D{<tol)X) which satisfies the assumptions of the previous corollary. Indeed, let C 
be the class of locally free sheaves of finite rank. Any object in C is Tlom{—, Ox)- 
acyclic and any T G Coi)X is image of a locally free sheaf of finite rank. Moreover, 
for any Q locally free of finite rank, 'Hom{Q,Ox) is locally a finite direct sum of 
copies of Ox and so it is Hom{—, Oxj-acyclic. Thus £ satisfies the assumption of 
Definition 11.81 Finally Tni.om{—,Ox) has cohomological dimension one. 

Applying Proposition 12.51 we get that any locally free sheaf of finite rank is V- 
refiexive. Thus, considering locally free resolutions, by Theorem 13. II we obtain that 
any coherent sheaf is P-reflexive and so any complex in P(£o[)A) is P-reflexive. 
Note that Corollary 13.61 is trivially verified: indeed, if 3^ is a P-reflexive complex 
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in V{<^oi)X), then its cohomologies are I?- reflexive objects, being coherent sheaves 
(cfr. [HmI Prop. V. 2.1]). 

The following technical result will be useful in the fifth section; its proof follows 
the same arguments used proving Proposition 13. 51 

Lemma 3.8. Let X be a V-reflexive object in V^^(A), n 6 Z. Suppose the functor 
way-out left of upper dimension < and that R* ^H\X) is a stalk 
complex for each j G Z. For each j G Z, let p{j) be an integer such that 

W(R* <^>W{X)) = for each i ^ p{j). 
Then the cohomologies of X are V-reflexive if and only if 

TJ^R^ *iJ^(^^(R* = for each i ^ p{j),p{j) - 1. 

Proof. Consider the triangle 

The complex fT>„_iX is quasi isomorphic to the stalk complex n], and 

the complex tT<„_iX has zero cohomologies in degrees greater than n — 1. By hy- 
pothesis, iJ'(R* = for each i ^ p{n)- therefore R* = 
R*$7?"(X)[p(n)] is quasi isomorphic to the stalk complex TJ^t"' (R* 
Let us denote by T the composition R^ ^ R* $; then we have 

r(cr>„_iX) = r(iJ"(X)[-n]) = Rt *(R* = 

= Rt *(i7''(")(R* <i>H'\X))[n - p{n)]) = R^ «'iJ''(")(R* H'\X))[p{n) - n]. 

Since dim+r < 0, we have iJ*(r X) 0, W{Ta^„_,X) = and i7*(r cr<„_iX[-l]) = 
W~^{T a<„_iX) = for j > n. Applying to the triangle {*) first T and then the 
cohomology functor, we get the commutative diagram with exact rows 

H"-i((^<^-i^) ^4 H^-^{X) y ¥ > H"{X) )■ H"{(7>„_iX) S> 

i i i < i 

H"-i(r(T<„_iX) ^/f"-i(rx) — j>/f"-i(r(7>„_iX) ^0— !>/^"(rx) ^H"(r(T>„_iX) — j^o 

Thus we deduce that H"-i(rcr>„_iX) = and that i/"(r cr>„_iX) = W{a^^_,X). 
Since if"~'((7>„„iX) = for each i > 0, the complex (t>„_iX is P-reflexive, and 
hence the n-th cohomology of X is 2?-refiexive, if and only if for each i > 1 we have 

^ i/"-xr(T>„-i^) = i/""^(r(i/"(x)[-n])) = 

= ff"-^(Rl' 4'i/''(")(R* <^H'\X))[p{n) - n]) = iJ^^")-^ Rt ^'i7P(«)(R* 
Next, from the triangle (*), a^,^_iX is 2?-refiexive if and only if (t<„_iX is 2?- 
refiexive. Applying the same argument to ct<„_iA", we prove that iJ"^^(A") is 
D-reflexive if and only if the cohomologies H^^R} (R* $ff"-i(A:))) = 

for each i ^ p{n — l),p{n — 1) — 1. Iterating this procedure, we conclude. □ 

Remark 3.9. Observe that if the functor $ has cohomological dimension < 1, 
and there are enough ^-acyclic objects, under the hypotheses of Lemma [3.81 the 
condition iJ'(R^ (R* (A))) for each i ^ p{j),p{j) - 1 is always 

satisfied (compare with Corollarv l3.6p . The key point is that 

mRp^^'^mwx {mmwx)[-p{j)\. 

We have WmMP^^^imH^X = for i < (because there are enough ^I^-acyclic 
objects) and H%mmW X)[-p{j)] = H'-p^^^ {mmW X) = for i > p{j) 
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(because R'^R^ is way out left of upper dimension < 0). Since $ has cohomological 
dimension < 1, it is \p{j)\ < 1 and so we conclude. 

Let us see now the connection between the cohomological dimension of (f> and 
the closure of the class of P-reflcxive objects under kernels and cokernels. 

Theorem 3.10. Assume that A has enough "^-^-acyclic objects and B has enough 
"^-acyclic objects. If (f> has cohomological dimension < n, then, in any exact se- 
quence 

of D-refiexive objects of A, the kernels and the cokernels of the morphisms fi, 
i = 1, ...,71, are V-reflexive. 

In particular, if $ has cohomological dimension at most one, the class of T>- 
refiexive objects in A is an exact abelian subcategory of A. 

Proof. First observe that by Proposition II. 9[ for any object A in A, the object 
Rt ^R* $(^) belongs to V>-n{A) n V<o{A). Denoted by Ki the kernel of the 
morphism fi, i = I, ...,n, by Kn+i the image of /„, and by Kn+2 the cokernel of 
/„, let us consider the following triangles in T>''{A): 

lu K,+i ^ K,[ll I = 1, n + 1. 

Consider the maps H^imu) : M, i?0(Rt ^ R* and H°{fjK,) ■ Kj 

i7°(R^ *R* '^Kj), l<i<n, l<j<n + 2. Since Mi are 2?-refiexive objects, 
clearly H'^{f}Mi) are isomorphisms. We will prove that H^ijO R* ^Ki) = for 
each j 7^ and each 1 < i < n + 2 and that all H^ifjKj) are isomorphisms. 

Because of the way-out dimension of R''' R* $, {H) * R* <^Ki) = for each 
j > 0. Applying the cohomology functor we get the long exact sequences 

^ i/-"(Rt *R* $/v,) ^ ^ i/-"(R^ fR* $AVi) ^ i/-"+i(Rt ^-R* ^Ki) ^ ^ ... 

... ^ ^ H-2(Rt ^R* i^K^+i) H-^{YC^IC ^Ki) ^ ^ 

^ ff-\R^*R* ^ i7°(Rt ^-R* ^Ki) ^ i?°(R^*R* ^ H°(Rt *R* ^K,+i) 

for i = l,...,7i+ 1. In particular iJ""(R^ * R* <i>A'j) = for i = l,...,n+ 1; 
therefore for j = 1, n, since n — j + 1 < n — j + 2 <n + l, we have 

H-^{lO f R* ^i^i) = i/-"(R^ * R* ^ 0, and 

H-^R'f * R* $A'2) = i7""(R^ R* $/i„_j+2) = 0. 
Working a little on diagrams 

> K, > Mi > K,+i > 

> H"(tO * R* <!>K,) H"{tO R* $A/,;) ^ i/0(Rt 5- R* $A',+i) — > 

with i ~ 1,2, we get that H'^(fiKi) and H^{t)k2) are isomorphisms. Therefore i^i 
and 1^2 are P-reflexive. Working with the triangles 

^ Mi ^ K^+i ^ K^[l], i = 2,...,n + l 

we get that also K3, Kn+2 are P-reflexive. □ 
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4. The 1-dimensional case 

In the previous section we have seen that more precise resuhs are available when 
the involved functors have cohomological dimension at most one. This section is 
dedicated to study in detail this favorable case. Our aim is to characterize the 
2?-reflexive objects in the abclian categories A and B, producing a general form 
of the Cotilting Theorem in the sense of Colby and Fuller (see [CbFli Ch. 5]), a 
contravariant version of the celebrated Brenner and Butler Theorem |BBj . 

We assume A has enough \E'-$-acyclic objects and B has enough <i>-^'-acyclic 
objects, respectively, and ($, is an adjoint pair of contravariant functors of 
cohomological dimension at most one. In particular, under these assumptions, 

• there exist the total derived functors R$ and R^f, and they have both 
lower dimension > and upper dimension < 1, 

• the composition R R <I> results to be way-out left of upper dimension < 
and way-out right of lower dimension > —1 f Proposition ll.9"|) . and it is 
isomorphic to R(^'$) ( |Harl Proposition 5.4]), 

• the families of <f>-acyclic and ^'-acyclic objects are closed under submodules 
(Proposition II. 7p , 

• a complex is P-reflexive if and only if its cohomologies are P-reflexive 
(Corollary EH), 

• the classes of 2?-reflexive objects in A and B are exact abelian subcategories 
of A and B (Theorem [STO]). 

In this setting we deal with the unbounded derived categories T>{A) and ^{B) and 
the total derived functors R<I> and R^*: for any complex X in ^{A) (resp. V{B)), 
we denote by R^^X (resp. R^'i'X), i G Z, the i*''-cohomology i/*(R$X) (resp. 
H'(R^X)). Observe that = and = for each ^ in ^ and B 

in B. 

Lemma 4.1. Any object in Im$ is "^-acyclic. 

Proof. Let A be an object in A. Consider an epimorphism L — s- A — > where L is 
a ^P-^-acyclic object. Applying $ we get the monomorphism ^A ^L. Since 
<I>L is ^-acyclic, and the family of ^i-acyclic objects is closed under submodules, 
we conclude that ^A is ^-acyclic. □ 

Observe that by the previous lemma any $-acyclic object is also 'I'-<I>-acyclic. 

Proposition 4.2. An object A ^ A is V-reflexive if and only if 'i'R^^A = and 
the map H'^['qA) ■ A — > R^{^^)A is an isomorphism. 

Proof. Since R 'I' R $ is way-out of upper dimension < and lower dimension > — 1, 
the object A is P-reflexive if and only if H'-^fjA) and H^^{fjA) are isomorphisms, 
the latter being equivalent to H~^(R,{'^^)A) = 0. Let us consider the triangle 

(T<oR$A R$A cr>oR*^ cr<oR$^[l]; 

taking in account the way-out dimensions of R$, this triangle is isomorphic to 

R$A ^ R^^A[-l] ^A[l] 

Applying R^f we get, using Lemma |4. 11 the triangle 

R1'(i?i$^[-1]) ^ R*R$y4 = R(*$)A ^ f^-A -^Ii^R^<^A[2]. 
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Considering the associated cohomology sequence, we get the exact sequence 

^ H-\R^{R^^A[-1])) H-\R{^^)A) 0; 
Then we conclude since 

□ 

Theorem 4.3. >ln object A in A is V-reflexive if and only if 

(1) ^{A) and R^^{A) are V-reflexive; 

(2) R'^fW'PiA) = ifi^j; 

(3) t/iere exists a natural map o-i^-d- an exact sequence 

In such a case, when denoting by ttr^a the natural map R$A —> a^o^^A, we 
have -fA = ff"(rM)"i o i?"*(7rR*A). 

Proof. Assume A is 2?-reflexive. Since is D-reflexive, from CoroUarv 13.61 it 

foUows that its cohomologies and R^^A are P-reflexive. By Lemma l4J] $fA) 
is ^'-acychc; therefore 

R^^^^{R°q>{A)) = 0. 

By Proposition [121 we know also that ^^R^^iA) = 0, and so = 0. To 

prove (3), let us consider the triangle 

cr<o R $A R $A '"^'^ cr>„ R $A -> cr<o R ; 
taking in account the way-out dimensions of R$, this triangle is isomorphic to 

Applying R^P, by Lemma WA\ we get the triangle 

R*(i?i$(A))[l] R*R$A ^^^'^ ->R*(i?i$(A))[2]. 

Considering the associated cohomology sequence, we get the natural short exact 
sequence 

^ ijO(R^'R$A) = i?°(R('i'$)(A)) -> 

Since A is I>-reflexive, H^{fjA) '■ A i7°(R(\['$)(A)) is an isomorphism. Denote 
by 'fA the composition H°{f]A)~^ ° -R^^'Ittr^a); we can apply Proposition 12.31 to 
get o H^[fjA) = rjA and hence the natural exact sequence 

^ ^ A '-^ 0. 

Conversely, assume conditions (1), (2) and (3) hold. Applying (1) to and 
R'^^iA), we get that and are P-reflexive. Therefore, by (3) 

also A is 2?-reflexive. □ 

The same result holds for any D-reflexive object B in B, with the map Ob ■ 
R^^R^-^{B) ^ B, Ob ^ H^iis)'^ o i?°$(7rR*B), which plays the role of the 
natural map 7. 

We are now ready to give a Cotilting Theorem in the sense of [CbFH Ch. 5], 
between the classes of I>-reflexive objects induced by the pair of adjoint functors 
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Corollary 4.4. Consider the following subclasses of the abelian subcategories 'Dj{ 
and Vis of T) -reflexive objects in A and B: 

Ta = Ker $ n X>^, J^^ Ker i?i<I> n Va 

Tb = Ker*nX'e, J^g = Ker 7?^^- n 
Then the following conditions are satisfied: 

(1) ^ -.Va^ Tb, : ^ Tb, * : ^ Ta, i?'* : Vb ^ T^. 

(2) for each object A in Da o,^^^ B in Vb we have the following exact sequences 
of natural maps 











(3) the restrictions 




• 



Tb ■■ * and R^<^ : Ta < — - jb 
define category equivalences. 
Moreover these are the largest possible classes where such a duality arises 

Our starting point was that ($, is an adjoint pair of functors between the 
abehan categories A and B. Now we show that is an adjoint pair of 

functors between the abehan categories of P-reflexive objects of A and B. 

Theorem 4.5. In the classes T>a and T>b of T> -reflexive objects of A and B, the 
pair (_R^$,i?^5') is left adjoint with the natural maps 7 and 6 as units. 

Proof. In order to prove that i?^'J') is a left adjoint pair in the classes Va 

and Vb, it is enough to show that Oj^upA ° R^^{ia) = idiji^A for any A S Va and, 
analogously, ^ri^b o R^'^fiOs) = id_Ri,i/s for any B G Vb- 

Note that, from the adjunction formula R$(?7^) o = idR^^i, we get that 

R^^{fiA) ° H^{^r^a) = idfii^A- We will prove that 6ri^a = H^{^r^a)~^ and 

First, let us consider the diagram 



Al-1] 



R$R5'($A) >R$R*(R$yl) > R$R*(i?i$yl[-l] 



-)-R$R*(<I>A[l]) 



Applying the cohomology functor we get 
> 



-^0 



>ifi(R$R'^(R$A))-^^^^^^^^^^^^^^i/i(R$R^(i?i$A[-l])) 



->0 
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Let US prove that iJ^(R$R5'(7rR$A)) is the identity map. Consider a $-acychc 
resolution P of A: then we have 



0- 



0' 



$(Po)/ Ker a > ■ 



Since the terms in both the complexes are <I>-^'-acyclic, we get 



R$R*R$A 

R4>R*(7rR,<i!,/ 

R$R^'(ct>oR*^) 



<I>*(a) 



)■ $^'(3>(Po)/ Ker a) s- $*$(Pi) 



Since the functor $^1' is exact on the short exact sequence of (f>-\E'-acyclic objects 
-> Kera ^ $(Po) ^ $(Po)/Kcra ^ 0, 

the map 5'<I>(p) is surjective; it is now clear that 

i7^(R$R1'(7rR$A)) = 1hi(r*r*r<i.a)- 

Since 'n■■R.^^,(R^^A) ■ R^'(i?^$A) -» cr>o R*(i?^'l'A) is the identity map, by Theo- 
rem |4]3] and diagram (*) we have 

Second, thinking at 7^ : R^'i/R^^A — > A as a map between stalk complexes, let 
us consider the following commutative diagram (see Theorem [ 



R*(a>o R$A) ^ ^ R*R$v4 — ^ A 



qiso 



R«'(i?i$A[-l]) 



R^'(i?i$A)[l] 

qiso ^ 

R^-^R^^A 

Applying R $ we get the commutative diagram 

R*R*(irR4,A 



R^R^-R^A- 

R4'(i)yl) 



VR$R^'(a>oR$A) 



R*(7a) 

Rc&A'^ 

Applying the cohomology functor we get 

Ei$(7A)oiji(R$(,7^)) =i^i(R$R^'(7rR$A)) = lffi(R*R*R*A). 



□ 
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Example 4.6. Let R and S be arbitrary associative rings. Consider a par- 
tial cotilting bimodule rUs of injective dimension < 1. Then the adjunction 
(Homfl(— , J7), Horns (—, J7)) satisfies the assumptions of Theorem 14.31 and Theo- 
rem 14.51 . In particular the classes of P-rcflexive modules are abclian subcategories 
of i?-Mod and Mod-5 and the restriction of the functors Ext^(— , U) to these classes 
forms a left adjoint pair. Moreover, following Corollarv l4.41 the functors Ext^ (— , U) 
induce a duality between the subcategories of I?- reflexive modules in Ker Hom(— , U) 
and the functors Hom(— , U) between the subcategories of "D-reflexive modules in 
KerExt\-,C/) (compare with [CH ICbTl ICbFl [Cjl [CjF] iMill IT] I 



Example 4.7. As in Example 12.21 let {X,Ox) be a locally noetherian scheme 
such that every coherent sheaf on X is a quotient of a locally free sheaf. Assume 
the structure sheaf Ox has injective dimension one and consider the adjunction 
{IlHom{—,Ox),^'Hom{—,Ox)) in T>{€oi)X). As we have already seen, any co- 
herent sheaf is P-refiexive. Since any locally free sheaf of finite rank is 7iom{—, Ox)- 
'Hom{—, Ojf )-acyclic, the assumption of Theorem 14 . 31 and Theorem l4.5l are satisfied. 
Denoted as £xt{—, Ox) the first derived functor of TCom{—, Ox) (see jHar2[ Chp. 
Ill]), we get that {£xt{—,Ox), £xt{—, Ox)) is a left adjoint pair in €ot)X , the func- 
tors £xt{—, Ox) induce a duality between the coherent sheaves in Ker TLom{—, Ox) 
and the functors Hom(—, Ox) between the coherent sheaves in Kci £xt{ — , Ox)- 

5. The ti-dimensional case 

In this section we recover a Cotilting Theorem in the case of functors of cohomo- 
logical dimension greater than one. We assume A and B have enough projectives, 
(<&,'!') is an adjoint pair of contravariant functors of cohomological dimension at 
most n, $(P) is \E'-acyclic for each projective P in A, and ^{Q) is i>-acyclic for each 
projective Q in B. For instance this is the case when $ and ^ are the contravariant 
Hom-functors associated to a partial cotilting bimodule. 

Let P be a projective resolution of an object A in A. Denote by Q** a Cartan- 
Eilenberg resolution of $(P); applying 5* to the bicomplex Q*,, we get the bicom- 
plex 



0,-1 



-4 *Qi,o ■ 



->0 



->0 





To this bicomplex we associate two spectral sequences /iJf and nEl^: 

1E2 = Hl{H'^{^Q,,)) = I ^P(^^p) ^ RP{m^){A) if ^ i 

uEl'i = HP{Hli^Q,^)) = HP{^{H~'iQ,,))) = i/P(R *(i?-?<I>A)) = RP^R-^^A). 

Observe that /fi'f'' = for either p > Q or q ^ and //E'f'' = for either p < or 
g > 0. 
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Both these spectral sequences converge to the hypercohoniology R'^+p\I'(R$(A)). 
The first spectral sequence /i^f*^ collapses to yield 

which is zero for n > 0. The second spectral sequence nE^'^ lies on the fourth 
quadrant: 



i?2^fi?o$(A) 



i?2^fi?i$(A) 



R°^R^^{A) i?2^ri?2$(^) 



together with maps 

: = i?P*ii'-9$(A) -> 77i;f+2'''-i = rp+Hr^-''<^{A). 

Since the cohomological dimension of $ and is at most ?7, wc have //-E^'^i = 
7/-B,^+, = for eachp, q. For each s < 0, has a finite filtration 

with [F'i?"(1'$)(A)]/[F*+ii?"(«'$)(A)] = iiE'^-'. 

If n = 1 we have iiEi^'^ = iiE^ for each p and therefore 

If A is D-reflexive, i?"i(*<i>)(A) = and i?°(*<i>)(A) = A; hence using the edge 
homomorphisms, it is easy to get 

(1) hE^-^ = = 0; 

(2) there exists the following short exact sequence with natural maps 

^ iiEl-^ = iiE^" = -> 0. 

It is not hard now to recover Proposition 14.21 and partially Theorem 14. 3[ (3). 

If n = 2, we have nE^" = hEPJ for {p, q) = (1, 0), {p, q) = (2, 0), (p, q) = (0, -2) 
and = (1,-2). Since R^{^^){A) = R^{^^){A) = 0, we get R^^R^^{A) = 

R^^R^^{A) =0. If A is 2?-reflexive, R-'^{^^){A) = R-^{^^){A) = and 
i?"(5'<I>)(A) = A; hence using the edge homomorphisms, one gets 

(1) i?o*i?2$(A) = = 0; 

(2) there exist the following exact sequences with natural maps 

R^^R^^{A) R^^R^^{A) A^ Aj uE'^^'^ 
^ AjuE'^^'^ ^ ^ 
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Example 5.1. Let A denote the /c-algebra given by the quiver 



1 




.2 .3 




4 



with relations such that the left projective modules are 2^31 41 41 ^'^d 4 . Let us 
consider the regular bimodule aAa; it is easy to verify that it is a cotilting bimodule 
of projective dimension 2. Consider the P-reflexive left A-module A := ^ ^ 1 . 
The second spectral sequence at the second stage //Sf' ^^^^ at the third and stable 
stage = iiEP^ assumes the following aspects: 

2%©2S 2©3 




Therefore we get the following exact sequences (see the previous condition (2) 
in the case n = 2): 

"^2 3 2^3 ^"^^ 4 ^ 4 

O^4^2^3^^1^0^1^_^l0l_j.Q 

Note that, passing from n = 1 to n > 1. the spectral sequence iiEl^'^ stabilizes 
at the n + 1*'' stage; therefore we loose in general the possibility to describe the 
2?-reflexivity of an object A in terms of properties of the objects R^'^W^{A). 

Resuming, the key properties which consent us to give a "nice" Cotilting Theo- 
rem in the 1-dimensional case are: 

Condition I: the spectral sequence //Sf' stabilizes at the second stage, 
Condition II: the cohomologies of a P-reflexive complex are P-reflexive. 

Both these properties are in general false (see Examples 15.11 13. 3p . The technical 
conditions assumed in the following theorems guarantee both Condition I and IL 
First, generalizing Theorem 14.31 we have 

Theorem 5.2. Assume $ and ^' have cohomological dimension n and 1, respec- 
tively. An object A in A is V-reflexive if and only if 

(1) <f>(A) and R^^{A) are V-reflexive; 

(2) i?**i?^$(A) = for each i ^ j ; 

(3) there exists a short exact sequence 

^ i?,i*i?^$(A) A-> *$(A) 0. 
In such a case i?*$(yl) = for each i > 1. 
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Proof. The spectral sequence iiE2^ stabilizes at the second stage: for only two 
columns survive. Therefore if A is P-reflexive, we get immediately the orthogonal 
relations R''^W^{A) = for each i ^ j. The filtration of A ~ produces 
the short exact sequence 

R^^R^^{A) ^ A^ = ^ 0. 

By the adjunction, also R$(yl) is 2?-refiexive; then, by Propositions 13 . 51 and 11.91 its 
cohomologies are also P-reflexive. Then R5'(i?*$(A)) are 2?-reflexive: re- 

membering the orthogonal relations, both the complexes R\I'(<I>(A)) = and 
R*(i?i$(A))=i?i4'i?i$(A)[-l] are P-reflexive; moreover, since 0^ R«'(i?'$(A)), 
for i > 2 the objects are equal to zero. Conversely, consider the triangle 

associated to the short exact sequence (3). By (1), (2) and the adjunction, both 
the complexes R*($(A)) = and Ii'^{R^^{A))'^R^'^R^^{A)[-l] are 2?- 

reflexive; thus one gets the D-reflexivity of A from the P-rcflexivity of the other 
two terms in the sequence of 3). □ 

Let us give an example where the previous theorem applies. 

Example 5.3. Let A denote the fc-algebra given by the quiver 

.0 > .1 > .2 ^ .3 ^ .4 

12 

with relations such that the left projective modules are i , 2 , 3 , | and 4 . Consider 

the left A-module aU =3©3©2©i;itis easy to verify that it has injective 
dimension 2. The endomorphism ring 5 := End(AC^) is the /c-algebra given by the 
quiver 

7 




.5 ). .6 ). .8 

with relations such that the right projective modules are g , g , I , and 5 . The right 
^-module Us = 7©'^g*©^©| has injective dimension 1. It is easy to verify that 
fJJs is a partial cotilting bimodule. The projective module i and its projections 

'j' , are the only not P-reflexive indecomposable A-modules, while all the inde- 
composable S'-modules are 2?-reflexive. In particular, consider the indecomposable 
left A-module \] it is a X'-reflexive module of projective dimension 2. It satisfies 
the three conditions of Theorem [521 

(1) <^{ \) = 5 and iT!^$( ^ ) = 8 arc P-reflexive; 

(2) 1 ) = for each i ^ j; 

(3) there exists a short exact sequence 

^ = 2 ^ 1 ^ 1 = «'$(^) ^ 0. 

Moreover i) = 0. 

A second possibility to obtain partial results is to characterize the l?-reflexive 
objects inside a suitable subclass of A. Both Theorems 14.31 and 15.21 suggest to 
consider the subclass of objects A in ^ such that = for each i ^ j; 

in such a way, the spectral sequence //iSf"^ stabilizes at the second stage. To have 
also that the cohomologies of a P-reflexive complex are still I>-reflexive, Lemma 
suggests to restrict further our class (compare with [AT[ Theorem 2.7]). 
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Theorem 5.4. Let ($, be an adjoint pair of contravariant functors of coho- 
mological dimensions < n. An object A in A, such that = and 

R'-^Ri^R^^i^A) =0 ifi^j, is V-reflexive if and only if for i = 0, 1, n 

(1) i?*(f>(yl) are V-reflexive; 

(2) there exists a filtration 

= A„+i<A„<...<Ao-A 
such that Ai/A,+i ^ 
In such a case the objects R^"^ R^<^{A) result to be V-reflexive. 

Proof. If A is D-rcflcxive, also R$(A) is P-rcflcxivc; by Lemma [3.81 choosing as 
p the identity function, the cohomologies i = 1, ...,n, are P-reflexive too. 

Since R^'i>R^^{A) = for each i ^ j, the spectral sequence //-Ef'^ stabilizes at the 
second stage. Therefore R''{^^)A = for each s ^ and i?° (*<!>) A ~ A has a 
finite filtration 

= A„+i < An < ...<Ao^A 

with factors A,/A,+i 9^ iiE'^~' = hEJ^^' ^ R^^R^^{A). 

Conversely, let us assume condition (1) and (2) are satisfied. Since 
is 2?-reflexive, the complex R5'i?*$(A) is P-reflexive; we want to prove that its 
cohomology is P-rcflexive too. By hypotheses i?-'<I>ff = for 

any j ^ i; moreover, since 

= R$R^'(i?*$A) = R$(i?'*ff$A[-i]) = R$(i?*^'i?'$A)[i], 

we have 

Therefore = for each j ^ i and by Lemma [SH the coho- 

mologies of R^'i?*$(A) are 2?-reflcxive. Consider now the triangles 



Ai^ Ao^A^ Ao/Ai = ^ 

Since and arc P-reflexive, also A^-i is 2?-reflcxive. 

Iterating this procedure on the other triangles, using the P-rcflexivity of Ai^i/Ai^ 
i = n,n — we prove the P-reflexivity of A. □ 

We are now ready to give a Cotilting Theorem in the sense of [CbFH Ch. 5], 
between the classes of I?-refiexive objects induced by the pair of adjoint functors 
^P) in the n-dimensional case. 

Corollary 5.5. Consider the following subclasses of the classes T)^ and I?e of 

V-reflexive objects in A and B: 

Vj rii^j {KeiR^^iW^ n Keri?'$i?^*i?J$) and 
V^ = Hi^j (Ker * n Kei R'-^R^^R^^) . 

Then setting 

S!^ = (rij^i Ker n Vj and £\, = (n^^,; Ker i?^*) n V^ 
the following conditions are satisfied: 

(1) $ -.W^^ei and R'^ -.V^^S^,. 
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(2) for each object A in P_4 and B in there exists filtrations 

= An+i < An < ■■■ < Aq = A and 

= Bn+l < Bn < ■■■ < Bq = B 

such that Ai/A^+i = and B,/B,+i = R'<^K"i>{B). 

(3) the restrictions 

$ : ^zzi £^ : 4- 
define category equivalences. 

Example 5.6. Let A denote the fc-algebra given by the quiver Ag with relations 

1 4 . 

2 5 6 

such that the left projective modules are |, 3, ^, 6, y, 7, ^, 8. Consider the 

4 4 8 S ^ 

cotilting module aU — |©i®i|©6©|©7©^©7of injective dimension 2 and let 

S' = EndA(C/). Applying Theorem 13.41 we get that any complex in I?''(A-mod) and 
in I?^(mod-S') is P-reflexive w.r.t the adjunction (RHomA(— , U), RHoms(— , U)). 
The A- module X = 2 satisfies the assumptions of Theorem 15. 4[ indeed: 

• Exts(Ext^(X, J7), [/) = for i 7^ j 

• Hom5(HomA(A:, U), U) = 1, Ext^(Ext\(X, U), U) = 2, Ext|(Ext^(X, U), U) = 
3 

• Ext]v(l, U) = Ext^(l, U) = 0, HomA(2, U) = Ext^(2, U) = 0, HomA(3, U) = 
ExtA(3,C/) = 

We conclude that X admits a filtration < Xi < Xq < X, where Xi = 3, Xq/Xi = 

2, X/Xq = 1. Consider now the simple module 4; since Ext|(Ext\(4, J7), C/) = 

3, the assumptions of Theorem 15.41 fail. Moreover Hom5(HomA(4, [/), C/) — ^, 
Ext5(ExtA(4, t/), ;/) = 0, Ext5(ExtA(4, [/), C/) = and so 4 does not admit any 
filtration with P-reflexive factors. 

Remark 5.7. If R is noetherian and nUs is a finitely generated cotilting bimodule, 
then any finitely generated projective module is reflexive and Hom(— , [/)-acyclic, 
so P-reflexive. It follows that any finitely generated module is 2?-reflexive. Let now 
M e i?-mod such that Ext-j^(M, 17) = ior i ^ j. Then, for M and Ext]j{M, U) 
are 2?-refiexive, it follows that Ext^(Ext*^(M, t/)) = and 

Ext^^ (Extg (Ext*fl (A'/, [/),[/), C/) = iovi^j, 
so we are in the assumption of Theorem 15.41 Thus we get from CoroUarv 15 . 51 that 

M ^ Ext'(Ext^(M, C/), [/), 
recovering the Miyashita result (cfr. [Ml Theorem 1.16]). 
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